This paper presents a pure complementary energy variational method for solving anti-plane shear problem in finite elasticity. Based on the canonical duality theory developed by the author, the nonlinear/nonconex partial differential equation for the deformation field is converted into an algebraic equation in stress space, which can be solved analytically to obtain a complete set of stress solutions. Therefore, an analytical solution form of the deformation is proposed subjected to a compatibility condition. Also, the global minimal solution is identified. Applications are illustrated by examples with both convex and nonconvex stored strain energies governed by quadratic-exponential and power-law material models, respectively. Results show that in finite deformation, global minimal solutions are usually nonsmooth and are difficult to obtain by any other direct methods. This paper demonstrates again that the pure complementary energy principle and the canonical duality theory play an important role in finite deformation theory.
Introduction
Anti-plane shear deformation problems arise naturally from many real world applications, such as structures with cracks [40] , layered/composite functioning materials [36, 44] , phase transitions in solids [42] , and interface stress effects of nanostructured materials [35] . During the past half century, such problems in finite deformation theory have been subjected to extensively study by both mathematicians and engineering scientists [24, 28] . As indicated in the review article by C.O. Horgan [26] ), anti-plane shear deformations are one of the simplest classes of deformations that solids can undergo. In anti-plane shear (or longitudinal shear, generalized shear) of a cylindrical body, the displacement is parallel to the generators of the cylinder and is independent of the axial coordinate. In recent years, considerable attention has been paid to the analysis of anti-plane shear deformations within the context of various constitutive theories (linear and nonlinear) of solid mechanics. Such studies were largely motivated by the promise of relative analytic simplicity compared with plane problems since the governing equations are a single second-order partial differential equation rather than higher-order or coupled systems of partial differential equations. Thus the anti-plane shear problem plays a useful role as a pilot problem, within which various aspects of solutions in solid mechanics may be examined in a particularly simple setting.
Generally speaking, the anti-plane shear problem in linear elasticity is governed by linear partial differential equation, which can be solved easily by well-developed analytical methods. However, in finite elasticity, the associated variational problem is usually nonlinear or nonconvex, which could have multiple solutions. Traditional methods for solving nonconvex variational problems are proved to be very difficult, or even impossible. Numerical methods for solving nonconvex variational problems lead to a global optimization problem. Due to the lacking of global optimality condition, most of nonconvex optimization problems are considered to be NP-hard in computer science. Extensive research has been focused on solving such nonconvex optimization problems, and a special research field, i.e., the global optimization has been developed during the past 15 years.
Complementary variational principles and methods play important roles in continuum mechanics. It is known that in finite deformation theory, the Hellinger-Reissner principle (see [25, 41] ) and the Fraeijs de Veubeke principle (see [43] ) hold for both convex and nonconvex problems. But, these well-known principles are not considered as the pure complementary variational principles since the Hellinger-Reissner principle involves both the displacement field and the second Piola-Kirchhoff stress tensor, and the Fraeijs de Veubeke principle needs both the rotation tensor and the first Piola-Kirchhoff stress as its variational arguments. Therefore, the question about the existence of a pure complementary variational principle in general finite deformation theory was argued for several decades (see [30, 31, 32, 34, 39, 37, 38] ). Also, since the extremality condition is a fundamentally difficult problem in nonconvex variational analysis and global optimization, all the classical complementary-dual variational principles and associated numerical methods can't be used for solving nonconvex variational/optimization problems in finite deformation theory.
Canonical duality theory is a newly developed, potentially powerful methodology which is composed mainly of a canonical dual transformation, a pure complementary energy variational principle, and a triality theory. The canonical dual transformation can be used to establish perfect dual problems in nonconvex analysis and global optimization. The pure complementary variational principle shows that a class of nonlinear partial differential equations are equivalent to certain algebraic equations which can be solved to obtain analytical solutions in stress space. The triality theory provides both global and local extremality conditions for these solutions. The original idea of the canonical dual transformation was introduced by Gao and Strang in general nonconvex variational problems [19] . The pure complementary principle has been used successfully for solving finite deformation problems. In a set of papers published recently by Gao and Ogden [17, 16] , it is shown that by using this theory, complete sets of analytical solutions can be obtained for one-dimensional nonlinear/nonconvex problems. Their results For global optimization problems in finite dimensional space, the canonical duality theory has been used successfully for and global optimization, see [18] The purpose of this paper is to illustrate the application of this pure complementary variational principle and the triality theory by solving nonlinear and nonconvex variational problems in anti-plane shear deformation. The remain article is organized as the following. The next section discusses the finite anti-plane shear deformation and constitutive laws. Based on the equilibrium equation and a general constitutive law, a nonlinear potential variational problem is formulated. Section 3 shows how this nonlinear potential variational problem can be transformed as a canonical dual problem such that a pure complementary energy principle can be obtained, and by which, how the nonlinear partial differential equation for deformation can be converted into an algebraic equation in stress space, so that an analytical solution form for the displacement can be formulated. This section also shows how the global optimal solution can be identified by the triality theory. Section 4 presents an application to convex problem governed by a quadratic-exponential stored energy, which has a unique solution. While for nonconvex strain energy, Section 5 shows that the boundary value problem is not equivalent to the variational problem. By using the canonical dual transformation and the pure complementary variational principle, the nonlinear differential equation can be converted into a cubic algebraic equation, which possesses at most three real roots. Therefore a complete set of solutions to the potential variational problem is obtained. The triality theory can be used to identify global and local minimizers.
The results presented in this paper shows that the pure complementary energy principle and the triality theory are potentially useful in finite deformation theory.
The anti-plane shear deformation and variational problem
Consider a homogeneous, isotropic elastic cylinder B ⊂ R 3 with generators parallel to the e 3 axis and with cross section a sufficiently nice region Ω ⊂ R 2 in the e 1 × e 2 plane. The so-called anti-plane shear deformation is defined by
where (x 1 , x 2 , x 3 ) are cylindrical coordinates in the reference configuration (assumed free of stress) B relative to a cylindrical basis {e α }, α = 1, 2, 3, and u : Ω → R is the amount of shear (locally a simple shear in the planes normal to e 3 . We suppose that on boundary Γ u ⊂ ∂Ω the homogenous boundary condition is given, i.e.,
while on the boundary Γ t = ∂Ω Γ u , the shear force is prescribed
The deformation gradient tensor, denoted F, can be readily calculated for the deformation of the form (1):
where u ,α represents ∂u/∂x α for α = 1, 2, I is the identity tensor. While, the corresponding left Cauchy-Green tensor, denoted B, is
where the notation T indicates the transpose (of a second-order tensor). The principal invariants of B, denoted I 1 , I 2 , I 3 , are defined by
and, for the considered plane strain problem, these reduce to
In this paper, the notation |∇u|
,2 represents the Euclidean norm in R 2 . For an incompressible isotropic elastic solid when restricted to the plane strain specialization the strain-energy function W may be treated in general as a function of I 1 alone and we write W = W (I 1 ).
The associated in-plane Cauchy stress tensor σ then has the form
where now I and σ is the corresponding Lagrange multiplier associated with the incompressibility constraint.
In view of (6), if we let γ = ∇u, we may now introduce a new function, denotedŴ , such asŴ
and differentiation of (9) yields the simple formula
for the shear stress.
For the deformation and constitutive law discussed in the foregoing sections the equilibrium equation divτ = 0 (in the absence of body forces) has just one non-trivial components, namely the equilibrium equation
Let the kinetically admissible space be defined by
where L 2p is the standard notation of Lebesgue integrable space with p ∈ R, which will be discussed in Section 5. Then the minimal potential energy principle leads to the following variational problem (primal problem (P) for short) for the determination of the deformation function u:
where min{ * } represents for finding minimum value of the statement in { * }.
The criticality condition δΠ(u) = 0 leads to the following mixed boundary value problem:
Since the stored energyŴ (γ) is a nonlinear function of the shear strain, the (BV P ) may possess multiple solutions and each solution represents a stationary point of the total potential energy Π(u). Therefore, if Π(u) is nonconvex, the variational problem (P) is not equivalent the boundary value problem (BV P ). Traditional direct methods for solving the nonlinear boundary value problem are usually very difficult, also how to identify the global minimizer in nonconvex analysis is a fundamentally difficult task. It turns out that in general nonlinear elasticity, even some qualitative questions such as regularity and stability are considered as outstanding open problems.
On the other hand, let the statically admissible space to be
The complementary variational problem can be states as the following:
whereŴ * (τ ) is the so-called complementary energy function (or density), defined by the Legendre transformation:
In finite deformation theory, if the strain energy densityŴ (γ) is nonconvex, the Legendre conjugateŴ * (τ ) can not be uniquely obtained. In this case, the classical complementary energy variational principle can not be used for solving nonconvex finite deformation problems. Although by the Fenchel transformation
the Fenchel conjugateŴ ♯ (τ ) is always convex, and the Fenchel-Moreau dual problem can be obtain as
the Fenchel-Young inequalityŴ
and the non zero θ = 0 is the well-known duality gap in nonconvex analysis. Therefore, the existence of a pure complementary energy principle in finite elasticity was a well-known open problem which has been discussed for over thirty years. This problem was solved in 1999 [7] when a complementary energy principle was proposed in terms of the first and second Piola-Kirchhoff stresses only.
In the following sections, we will demonstrate the application of the canonical duality theory and the pure complementary variational principle for solving the proposed variational problem. In order to examine this problem in detail, we will consider the energy function in both convex and nonconvex forms.
Canonical dual problem and extremality theory
The key step of the canonical dual transformation is to introduce a new geometrical measure ξ = Λ(u) and a canonical function V (ξ) such that the stored energy functionŴ (∇u) = V (Λ(u)). By the definition introduced in [9] that a real-valued function V (ξ) is called a canonical function if the duality relation
is invertible such that the conjugate function V * (ζ) of V (ζ) can be defined uniquely by the Legendre transformation:
In this anti-plane shear deformation problem, we can simply choose the geometrical measure ξ = Λ(u) = 1 2 |∇u| 2 , which is a quadratic mapping from U a to a closed convex set
Let E * a be the range of the canonical duality mapping ∇V : E a → E * , such that on E a × E * a , the following canonical duality relations hold:
In the terminology of finite elasticity, if the geometrical measure ξ can be viewed as a Cauchy-Green type strain, its conjugate ζ is a second Piola-Kirchhoff type stress. For many hyper-elastic materials, the stored energy function could be nonconvex in the deformation gradient, but is usually convex in the Cauchy-Green type strain measure. Thus, replacinĝ W (∇u) in the total potential energy Π(u) by the canonical form V (Λ(u)), the primal problem (P) can be written in the following canonical form:
Furthermore, by using the Fenchel-Young equality V (Λ(u)) = Λ(u)ζ − V * (ζ), the so-called total complementary energy functional originally proposed by Gao and Strang in [19] can be written as
This two-field functional is well-defined on U a × E * a . Let
The following theorem is a special case of the general result by Gao and Strang [19] .
is convex and ζ ∈ S + , thenū is a solution to the minimal variational problem (P) and
Proof. By the criticality condition δΞ(ū,ζ) = 0, we obtain
By the canonical duality (24), we know that the Euler-Lagrangian equation (29) is equivalent to the canonical constitutive-geometrical equationζ = ∇V (Λ(ū)). Combining this with the equilibrium equation (30), we know that the critical point (ū,ζ) solves the boundary value problem (BV P ) andū is a critical point of the the total potential energy Π(u). By the convexity of the canonical energy V (ξ), we have (see [19] )
Let u =ū + δu. By the fact that Λ(u) is a quadratic operator, we have (see [19] )
Therefore, if (ū,ζ) is a critical point of Ξ(u, ζ) andζ ∈ S + , we have
This shows thatū is a global minimizer of Π(u) over U a . ✷ Remark 1. Theorem 1 is actually the direct application of the general result of [19] , and
is the so-called complementary gap function first introduced by Gao and Strang in 1989 [19] . Since the geometrical operator Λ(u) = 1 2 |∇u| 2 is quadratic, the gap function G(u, ζ) ≥ 0 if ζ ∈ S + . Therefore, the total complementary energy Ξ(u, ζ) is a saddle functional on
Thus, by the saddle min-max duality, we have (28) . Theorem 1 shows that the gap function G(u,ζ) ≥ 0 provides a global optimality condition for the nonconvex variational problem (P). This gap function also plays a key role in global optimization (see [18] ). Based on this complementary extremum principle and the general canonical primal-dual mixed finite element method [3, 23] , an efficient algorithm can be developed for solving general anti-plane shear problems.
By the virtual work principle, for any given statically admissible τ ∈ T a , we have
Replacing the boundary integral in (26) by (31), the total complementary energy functional Ξ(u, ζ) can be written as
Theorem 2 For any given statically admissible τ ∈ T a , if (ū,ζ) is a critical point of Ξ τ (u, ζ), then it is also a critical point of Ξ(u, ζ) and
Proof. For a given τ ∈ T a , the criticality condition δΞ τ (ū,ζ) = 0 gives to the inverse constitutive law 1 2 |∇ū| 2 = ∇V * (ζ) and the balance equations
Therefore, (ū,ζ) is a critical point of Ξ τ (u, ζ), and also a solution to (BV P ), for any given τ ∈ T a . The equality (33) can be proved easily by the virtual work principle. ✷ This theorem shows that the statically admissible stress field τ ∈ T a does not change the value of the functional Ξ τ (u, ζ). Note that from the criticality conditions (34), we have ζ∇u = τ , which shows the relation between the canonical stress and the first Piola-Kirchhoff stress. By substituting ∇u = τ /ζ in Ξ τ (u, ζ), the pure complementary energy Π d (ζ) can be obtained by the canonical dual transformation [8] 
which is well-defined on
Therefore, the complementary variational problem which is canonically dual to the potential variational problem (P) can be proposed as
According to [9] , we have the following result.
Theorem 3 (Pure Complementary Energy Principle) For a given statically admis-
,ū is a critical point of Π(u), and
If V (ξ) is convex, thenū is a global minimum solution to (P) if and only ifζ ∈ S + a is a solution to (P d ), i.e.
The problem (P) has a unique solution ifζ(x) > 0, ∀x ∈ Ω.
Proof. By the equation (33) we know that for a given τ ∈ T a , the functionals Ξ(u, ζ) and Ξ τ (u, ζ) have the same critical points set. Particularly, the criticality condition condition δΠ
which is in fact the inverse constitutive-geometrical equation (29) subject to
Since τ is statically admissible, therefore,ζ∇ū = τ satisfies equilibrium conditions (30) . This proved that the critical pointζ of the canonical dual problem (P d ) and the associated u are also critical point of Ξ.
Again by the canonical duality (24), we have
Dually, by using (41), we have for any given τ ∈ T a
By the fact that Ξ τ (u, ζ) is a saddle functional on U a × S + a , we have
Thus,ū ∈ U a is a global minimum solution to (P) if and only ifζ ∈ S + a is a solution to the canonical dual problem (P d ). Moreover, ifζ(x) > 0 ∀x ∈ Ω, then the gap function G(u,ζ) > 0 ∀u = 0. From the proof of Theorem 1 we know that the total potential energy Π(u) is strictly convex on U a , therefore, the global min is unique. ✷ Remark 2. This theorem shows that the complementary energy variational problem (P d ) is canonically dual to the potential variational problem (P), i.e. there is no duality gap. The canonical dual Euler-Lagrangian equation (40) shows that the criticality condition of the pure complementary energy is an algebraic equation
which can be solved easily for many real applications. Therefore, the pure complementary energy principle plays an important role in stress analysis and design. But, for each τ , the solutionζ can only produce the deformation gradient ∇ū =ζ −1 τ . In order to obtain the primal solutionū by solving the canonical dual problem, additional compatibility condition is needed.
Theorem 4 (Analytical Solution Form) For a given statically admissible stress τ (x) ∈ T a such thatζ(x) is a solution of the canonical dual equation (42), then the vector-valued
is a deformation solution to the (BV P ).
Moreover, if τ ∈ T a is a potential field and
then the path-independent line integral
is a solution of the boundary value problem (BV P ).
Proof. First, by using chain role we know that if ∇ū is a solution to (BV P ), it must satisfy
which is indeed the critical condition δ u Ξ τ (ū,ζ) = 0. By the canonical duality (24), we have 1 2
which is the canonical dual algebraic equation, i.e., the criticality condition of δΠ d (ζ) = 0. Therefore, for a given τ ∈ T a , ifζ is a solution to this canonical dual equation (42) , then ∇ū =ζ −1 τ is the deformation field of the (BV P ). Moreover, ifū can be solved by the path-independent line integral (45), the integrant ζ −1 τ must be a potential field on Ω, i.e. ∇ × (ζ −1 τ ) = 0. This leads tō
Since τ (x) is a potential field on Ω, i.e., there exists a scale-valued function φ(x) such that τ = ∇φ(x), then we have ∇ × τ = ∇ × (∇φ) ≡ 0 on Ω. Therefore, as long as the condition τ × (∇ζ) = 0 holds on Ω, the deformation gradient ∇ū =ζ −1 τ is a potential field and the displacementū can be obtained by the path-integral (45). By the fact thatū(x 0 ) = 0, it should be an analytical solution to (BV P ). ✷ Generally speaking, the canonical dual algebraic equation (42 ) is nonlinear which allows multiple solutions for nonconvex problems. In the following sections, we shall present some applications.
Application to Convex Variational Problem
First, we assume the stored energyŴ (γ) is a convex function of the type:
where µ > 0 and ν > 0 are material constants. In this case, the constitutive equation (10) can be written as the following form
which can be used to model a large class of materials, especially bio-materials. The associated potential variational problem is
This problem also appears in the construction of optimal Lipschitz extensions of given boundary data, the Monge -Kantorovich optimal mass transfer problem, and a form of weak KAM theory for Hamiltonian dynamics (see [2] ), etc. Although the energy function is convex and the constitutive relation is monotone (see Fig. 1 ), the complementary energŷ W * (τ ) can not be obtained by the Legendre transformation since the inverse relation of τ (γ) is analytically impossible. |∇u| 2 , the canonical energy function can be defined by
andŴ (γ) = V (ξ(γ)). Clearly, the canonical strain energy V (ξ) is well-defined on the domain E a . Thus, the constitutive law (48) can be written in the following simple form:
which is uniquely defined on the domain
Therefore, the complementary energy V * (ζ) : E * a → R can be obtained easily as
Clearly, the canonical duality relations (24) hold on E a × E * a . By the fact that on E * a , we have S a = E * a = S + a and the canonical stress ζ(x) ≥ µ + ν > 0 ∀x ∈ Ω, the total complementary energy Ξ(u, ζ) (or Ξ τ (u, ζ)) is convex in u ∈ U a and the pure complementary variational problem (P d ) for this convex problem can be written in the following
Theorem 5 For a given statically admissible stress τ ∈ T a , the canonical dual problem
If τ is a potential field and τ × (∇ζ) = 0 on Ω, then the functionū
is a unique solution of (P 1 ) and
Proof. The criticality condition δΠ d 1 (ζ) = 0 leads to the dual algebraic equation
Let h 2 (ζ) = 2ζ 2 log ζ−µ ν
. Then the graph of h(ζ) = ±ζ 2 log((ζ − µ)/ν) is the so-called dual algebraic curve (see Fig. 2 ). Clearly, for any given |τ |, the canonical dual algebraic equation (57) has a unique solutionζ ∈ S a . Since the canonical complementary energy density
is a strictly convex function of ζ on the dual feasible space S a , for a given shear stress τ , the pure complementary energy Π d 1 (ζ) is strictly concave on S a = S + a . Therefore, the solutionζ of the canonical dual algebraic equation (57) should a unique global maximizer ζ ≥ µ + ν. By Theorem 4 we know that if the condition τ × (∇ζ) = 0, the analytic solution u can be determined by (45). ✷ 
Application to Nonconvex Power-Law Material Model
In this section the stored strain energy is assume to be a polynomial function of the shear strain |γ|:Ŵ
where µ > 0 is the infinitesimal shear modulus, p, b > 0 are material parameters, and ǫ ∈ R is a given (internal) parameter, which can be viewed as residue strain, for example, or input control in functioning materials. If ǫ = 0, this is the power-law material model introduced by Knowles in 1977 [29] . Clearly, in this case, the energy function possesses the following properties:
which are necessary forŴ (γ) to be stored energy. The associated stress in simple shear is
The power-law material hardens or softens in shear according to whether p > 1 or p < 1. Graphs of this material model are shown in Figure 3 . Particularly, when p = 1 2 , ǫ = 0, the partial differential equation ∇ · ∇Ŵ (∇u) = 0 becomes
which, on re-scaling u (or by letting 2b = 1), is the celebrated minimal surface equation
which also governs the flow of a Kármán-Tsien gas (see [26] ).
It is easy to prove that for p ≥ 1 2 , the stored energyŴ (γ) is convex (see Section 6.5.3, [9] ). In this case, the (BV P ) is elliptic (see [29] ). However, if p < 1 2 , the constitutive law τ = ∇Ŵ (γ) is not monotone even if ǫ = 0 (see Fig. 3 (a) ). Although it can be considered for modeling softening phenomenon, this case is not physically allowed since p < 1 2 violates the constitutive law. Mathematical explanation for this case can be given by the canonical duality theory (see below).
When p = 1 in (58), the stored energy functionŴ (γ) is linear, which recovers the neo-Hookean material.
For p > 1, the stored energy functionŴ (γ) is convex if ǫ ≤ 0, nonconvex for ǫ > 0. Particularly, if p = 2 and ǫ > p/b, this nonconvex functionŴ (γ) is the so-called doublewell energy in mathematical physics (see Fig. 3 (b) ), which appears frequently in phase transitions of solids, Landau-Ginzburg model in super-conductivity [14] , post-buckling of large deformed beam [3] , as well as in quantum mechanics such as Higgs mechanism and Yang-Miles fields etc. For p > 2, the stored energy and constitutive law are shown in Fig.  3 (c). Let β = µb p−1 /p p , α = ǫ − p/b, and β o = µ/(2b). The minimal potential energy principle leads to the following nonlinear variational extremum problem:
For certain given parameter α > 0, this variational problem is nonconvex and the corresponding boundary-value problem (BV P ) is not equivalent to (P 2 ) since the solution of (BV P ) may not be the global minimizer of (P 2 ). Due to the lack of global optimality condition, traditional direct methods for solving the (P 2 ) are very difficult. By using the canonical strain measure Λ(u) = |∇u| 2 , the canonical function for this power-law model can be defined by
which is defined on the closed convex domain
Clearly, this canonical function is convex for p ≥ 1, but nonconvex for p < 1. In any case, the canonical dual stress is uniquely obtained by
which is well defined on the dual space
Thus the complementary energy can be simply obtained by the traditional Legendre transformation
p/b. The corresponding total complementary energy for this nonconvex problem is
Therefore, for a given τ ∈ T a , let
The canonical dual problem in this nonconvex case is
The criticality condition δΠ d 2 (ζ) = 0 leads to the dual algebraic equation:
The solutions of this algebraic equation depends mainly on the material parameter p > 0. It can be easily checked by using MATHEMATICA that if p < . Particularly, for minimal surface-type problems where µ = 1 and 2b = 1, the condition |τ | 2 ≤ 1 verifies the result presented in [9] (Section 6.5.3). Canonical duality theory for solving minimal surface type problems have been studied in [22] . In this paper, we are interested in p > 1 with positive internal parameter α > 0 such that the stored energy is nonconvex, which can be used to model more interesting phenomena.
Particularly, for p = 2, the canonical dual algebraic (67) is cubic
which can be solved analytically to have three solutions:
where τ = |τ |, and
Similar to the general results proposed in [6, 10, 16] , we have the following theorems. . From the graphs of the dual algebraic curve h(ζ) = ±2ζ √ cζ + α given in Fig. 4a we can see that if η < 0, the dual algebraic equation (68) has a unique solution for any given τ . However, if η > 0, the dual algebraic equation (68) may have at most three real solutions in the order of (72) depending on τ (x), x ∈ Ω (see Fig. 4b) . 
are the critical solutions to (P 2 ). Particularly,ζ 1 (x) is a global maximizer of Π 
where U 0 and S 0 are neighborhoods ofū 3 andζ 3 , respectively. If |τ (x)| 2 > η > 0 ∀x ∈ Ω, the canonical dual problem (P d 2 ) has a unique solutionζ 1 (x) over Ω and the primal solutionū 1 is a unique smooth global minimizer of Π 2 (u) over U a .
Proof. The proof of this theorem follows the canonical duality theory and the recent results presented developed in [16, 17] . By the fact that τ (x) = |τ (x)| ≥ 0 ∀x ∈ Ω, the force field τ (x) does not cross the Maxwell line, i.e. the ζ-axis in Fig. 4 (see Theorem 1 in [17] ). Therefore, by Theorem 6 in [17] , the global optimal solution should be smooth over the whole domain Ω. ✷ Remark 1 (Triality Theory) By Theorems 6 and 7 we know that if |τ (x)| 2 < η ∀x ∈ Ω, the nonconvex problem (P 2 ) has three solutionsū i , i = 1, 2, 3 defined by (73) [20, 21] . Recently, the triality theory has been proved in infinite dimensional space [15] .
Conclusion Remarks
Concrete applications of the canonical duality-triality theory have been presented in this paper. Results show the pure complementary energy principle proposed in [7, 8] can be used for solving general large deformation mechanics problems in an unified analytical solution form. The triality theory can be used to identify global minimizer. By the fact that for the given external force t(x) on Γ t , the statically admissible stress field τ ∈ T a may not be uniquely determined, this analytical solution mainly depends on the compatibility condition (44) . How to solve this problem is still an open question which deserve future study. 
